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In directional solidification, as the solidification velocity increases, the growth direction of cells or dendrites
rotates from the direction of the thermal gradient to that of a preferred cristalline orientation. Meanwhile, their
morphology varies with important implications for microsegregation. Here, we experimentally document the
growth directions of these microstructures in a succinonitrile alloy in the whole accessible range of directions,
velocities, and spacings. For this, we use a thin sample made of a single crystal on which the direction of the
thermal gradient can be changed. This allows a fine monitoring of the misorientation angle between thermal
gradient and preferred crystalline orientation. Data analysis shows evidence of an internal symmetry which
traces back to a scale invariance of growth directions with respect to a Péclet number. This enables the
identification of the relationship between growth directions and relevant variables, in fair agreement with
experiment. Noticeable variations of growth directions with misorientation angles are evidenced and linked to
a single parameter.
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I. INTRODUCTION

Casting stands as a canonical manufacturing process for
solidifying melt alloys into ingots or materials of prescribed
forms. In this latter case, it consists in introducing a melt into
a mold of suitable form and in letting it progressively freeze
from the boundaries. Meanwhile, a solidification front ad-
vances into the melt, together with the melting isotherm.
This, possibly supplemented with spontaneous germinations
of solid within the melt bulk, eventually yields the complete
solidification of the material inside prescribed boundaries.
This process appears especially useful to provide materials of
complex shape that would be difficult or uneconomical to
obtain by other methods. It inherently involves thermal gra-
dient and is thus relevant to directional solidification.

Casting, however, generates various heterogeneities on a
large range of scales. They correspond, at the submillimeter
scale, to the modulations of solute concentration induced by
dendritic microstructures �microsegregation �1��; at the mil-
limeter scale, to the abrupt change of dendrite orientation
from grain to grain; at the centimer scale and beyond, to
dendrites growing normally to the mold boundaries �so-
called columnar zone� or displaying, farther in the bulk,
fuzzy orientations due to spontaneous germinations �so-
called equiaxed zone�. Dendrite orientations thus appear
mostly dictated by thermal gradient in the columnar zone and
by crystal orientation in the equiaxed zone. However, in most
parts of the material, they actually depend on both, in a way
which sensitively drives microstructure morphologies with
important implications on the physical properties of the cast
object.

The dependence of microstructure orientations to those of
the thermal gradient and the crystal lattice originates from
the fact that, when the solidification velocity increases, the
growth direction of dendrites rotates from the thermal gradi-
ent direction G to a definite direction a prescribed by the
crystal orientation �1–7�. The issue then consists in accu-
rately determining this rotation law at all misorientation

angles �0= �a ,G� and in providing insights into the under-
lying physical phenomena. This calls for going beyond the
classical directional configuration where the thermal gradient
is aligned onto a principal cristalline axis.

Surprisingly, although the variation of the growth direc-
tion of dendrites has been qualitatively noticed in the litera-
ture �1,2�, few quantitative studies have been devoted to it. In
particular, to our knowledge, no theory of it is available in
the nonlinear regime. Three experiments �3–5� and two nu-
merical simulations �5,6� have provided data on dendrite
growth directions, but two of them omitted to report on an
essential variable: the dendrite spacing �3,4�. The remaining
studies evidenced, for two angles �0, a collapse of data on
curves ���0 ,Pe� relating the growth direction angle � to a
Péclet number Pe �5�. However, the number of misorienta-
tion angles investigated was not large enough to provide an
explicit determination of the growth direction law of den-
drites �5,6�. In contrast, their data evolution shows an intri-
cate coupling between �, Pe, and �0 which calls for a com-
plete investigation of the whole ��0 ,Pe� space to be
appropriately characterized.

The purpose of this study is to perform an exhaustive
experimental investigation of the way microstructures
change growth direction and morphology when their solidi-
fication velocity, their spacing, and the misorientation angle
between thermal gradient and crystal lattice vary. This is
achieved with a large accuracy on a large amount of data by
varying the thermal gradient direction on thin samples of
single crystals of a succinonitrile-based alloy. The resulting
data library provides the first experimental determination of
growth directions of microstructures in the full range of mis-
orientation angles between crystal lattice and heat flow. It
enables the main nonlinear evolutions and internal couplings
to be clarified in the whole accessible variable space. In par-
ticular, a hidden symmetry—a Péclet scale invariance—is
evidenced and exploited. Interestingly, it enables the form of
the relationship governing dendrite growth directions to be
determined up to an exponent and a prefactor that are even-
tually fixed from the data library. This provides the first ana-
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lytic identification of the evolution of growth directions with
the relevant variables. Altogether, these results provide a
stimulating insight for theoretical investigation and a useful
parametrization for developing practical models of micro-
structure formation in cast materials.

The article is organized as follows. Section II reports the
main issue, its modeling, and the results obtained so far in
the literature. The experimental setup, the methods, and the
procedures applied in the study are detailed in Sec. III. The
qualitative results regarding the growth direction, the mor-
phology, and the stability of microstructures are reported in
Sec. IV. Section V is then devoted to an analysis of data, to
the evidence of their scale invariance with respect to the
Péclet number, and to the identification of the growth direc-
tion law. A discussion of these results, a comparison with the
literature, and a conclusion about this study follow.

II. INTERFACIAL ANISOTROPY
AND GROWTH DIRECTION

We report the implications of interfacial anisotropy on
microstructure growth directions, define the variables and the
objectives of the study, and recall the previous works de-
voted to this issue in the literature.

A. Growth directions in solidification

We define the growth velocity Vg of a microstructure as
the velocity of one of its characteristic points, usually its tip,
with respect to the surrounding liquid phase �Fig. 1�b��. The
direction of Vg then provides the microstructure growth di-
rection.

In free growth—i.e., at vanishing thermal gradient—the
only characteristic directions of the medium are the crystal

axes. They then naturally drive the growth directions of den-
drites which are usually aligned on crystal axes of high sym-
metry. However, depending on the balance between stiffness
and kinetic interfacial anisotropy, intermediate directions
may be preferred �8�.

In directional solidification, an additional direction is
brought about by the thermal gradient G. A competition with
the crystal orientation then sets in for prescribing the micro-
structure growth directions. As a result, these directions
stand in between that of G and that which would have been
displayed in free growth. In particular, as the solidification
velocity rises, the dendrite growth directions are found to
rotate from the direction of G to a definite asymptotical di-
rection prescribed by the crystal orientation �2–7� and la-
beled a in the following �Fig. 1�b��.

The origin of the link between crystal anisotropy and so-
lidification interface stems from the Gibbs-Thomson rela-
tionship

TI = TM + mcI −
TM

Q
� �1

R1
+

�2

R2
� − �VI.

This relation expresses the interface temperature TI in terms
of the melting temperature TM, the solutal concentration at
the interface cI, a capillary correction involving the principal
curvature radii Rj, j=1,2, and a kinetic correction involving
the interface velocity VI. Here, Q denotes the volumic latent
heat, m the liquidus slope, � j, j=1,2, the interfacial stiff-
nesses, and � a kinetic factor. It then appears that both � j and
� slightly depend on the angles �i= �ai ,n� of the interface
normal n with respect to the crystal axes ai. In particular, on
a cubic crystal, � j�n�=�0�1−�cf4�n��+o��c� and ��n�=�0�1
−�kf4�n��+o��k�, with f4�n�=cos�4�1�, when a crystal axis
is, as in our experiment, normal to the sample plane �Fig.
1�a��.

This orientational modulation of the interface temperature
then proves to significantly influence microstructure forms
and growth directions. This is actually surprising in view of
the extreme weakness of the anisotropic modulations. In par-
ticular, in the material used here, succinonitrile �SCN�, the
interface temperature is only modulated by 6 mK at most, a
value which corresponds in the actual thermal gradient G of
140 K cm−1 to a modulation of interface position of at most
40 nm. However, this nevertheless succeeds in prescribing,
at large solidification velocity, the growth direction of den-
drites, despite their much larger scale of a hundred microme-
ters.

B. Variables and main issues

The variables of the system correspond to the mixture
properties �D ,m ,k ,c� ,d0 ,�0 ,�c ,�k�, to the imposed condi-
tions �G ,V�, to microstructure features �	�, and to the crys-
tal orientation ��0�. The former variables refer to the solutal
diffusivity D, the liquidus slope m, the partition coefficient k,
the solutal concentration of the melt c�, the capillary length
d0=�0TM /Q, the kinetic coefficient �0 and the anisotropy
coefficients �c and �k. The imposed growth conditions corre-
spond to the thermal gradient G and to the pushing velocity
V of the liquid phase in the thermal gradient frame �Fig. 2�.

FIG. 1. Main variables. �a� Directions of the principal crystalline
axes with respect to the sample plane. One axis is normal to the
plane. The closest axis to G in the plane is labeled a. It corresponds
to the growth direction of large velocity dendrites and is called
preferred crystalline direction. �b� Characteristic variables: growth
velocity Vg, thermal gradient G, preferred crystalline direction a,
and dendrite spacing 	. Only the projection VG of the pushing
velocity V on the direction of G matters for solidification here. It is
called the solidification velocity.
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The microstructure features reduce here to their spacing 	
defined as the distance between their tips �Fig. 1�b��.

To specify the crystal orientation, we note that we shall
use a body-centered crystal �SCN�, a sample thin enough for
yielding a single microstructure layer and a single crystal
with a principal axis normal to the sample plane �Fig. 1�a�,
Sec. III B�. Accordingly, crystal orientation will only exhibit
one rotational degree of freedom representable by a vector in
a plane. This will allow to use the asymptotic direction a to
fully represent the crystal orientation by the angle �0
= �a ,G� it makes with the thermal gradient �Fig. 1�b��. Simi-
larly, the growth direction of microstructures will be charac-
terized by the angle �= �a ,Vg� made by the asymptotic di-
rection a with the growth velocity Vg �Fig. 1�b��.

Whereas the mixture properties are fixed in the whole
study, the amplitude of V and 	 and the direction of G will
be varied. The value of V is directly monitored from the
setup and the direction of G will be rotated by acting on the
thermal devices �Fig. 2�. Finally, the dendrite spacing 	 will
be changed by managing the growth history and by consid-
ering different parts of the interface.

In contrast with usual directional solidification setups
�3–5,9,10�, the one we use displays a pushing velocity V not
aligned with the thermal gradient G �Fig. 2�b��. However, the
velocity component normal to G only makes the sample
glide along isothermal lines. It has thus no physical conse-
quence and will be skipped in the following. It then remains
the velocity component parallel to the G, VG= �V ·G� /G,
which drives the rate at which material points change tem-
perature �Fig. 1�b��. This effective pushing velocity corre-
sponds to the velocity which actually matters regarding so-
lidification. From now on, we shall therefore use it as the
relevant solidification velocity.

Our main issue will then consist in determining how, in
directional solidification, the growth direction of microstruc-
tures rotates from the direction G to the direction a as the
relevant variables change. It will call for the following

achievements: �i� experimentally determine the growth direc-
tions of microstructures at various angles �0, solidification
velocities VG, and spacings 	; �ii� express their variations by
a definite relationship; and �iii� point out the physical prop-
erties attached to it. Quantitatively, this will call for deter-
mining the relationship �= f��0 ,VG ,	�, the other variables
of the system being taken as constant here.

C. Former quantitative studies

To our knowledge, the sole theoretical studies refer to the
generation of drift sinusoidal waves �11� or of tilted cells
�12� by kinetic anisotropy in a linear �11� or weakly nonlin-
ear �12� analysis of interface dynamics. On the other hand,
three experiments �3–5� and two numerical simulations �5,6�
only have quantitatively analyzed dendrite growth directions
on plastic materials �3–5� or on steel �6�.

The experiment and the simulation reported in �5� re-
vealed a dependence of the tilt angle of dendrites on the
Péclet number Pe=	VG /D. In contrast, two previous experi-
ments did not report on the dendrite spacing 	, so that their
data scattering or evolution suffered from this indeterminacy
�3,4�. The curves ���0 ,Pe� evidenced in �5,6� differed de-
pending on the misorientation angle �0= �a ,G�. However,
the number of misorientation angles studied—two numeri-
cally �17° �6� and 30° �5�� and two experimentally �32
2°
and 40
2° �5��—was too low to allow an explicit determi-
nation of the relation ���0 ,Pe� and a detailed investigation
of the way these curves vary with �0. Nevertheless, numeri-
cal simulations at fixed Pe evidenced a nonlinear evolution
of � with �0 at Pe=2.758 �6� and Pe=2.925 �5�. This non-
linearity contrasts with the linear variation of � with �0 at
low Pe implied by the alignment of Vg on G ����0�. It
thus points to a nonlinear coupling between �0 and Pe which
calls for a systematic investigation on the whole variable
space to be clarified.

This statement has motivated the present experimental
study. In particular, the large amount of data obtained here
will allow the quantitative determination of the growth direc-
tion law and the identification of the nature of its nonlinear-
ity with respect to the Péclet number Pe and the misorienta-
tion angle �0.

III. EXPERIMENTAL SETUP AND METHODS

We report the experimental setup and the procedures used
to determine microstructures growth directions. Emphasis is
put on the specificities required to manage the misorientation
angle �0 and achieve accurate measurement of growth direc-
tions.

A. Directional solidification setup

The setup is designed to provide the directional solidifi-
cation, at a controlled velocity, of thin samples of a transpar-
ent material together with its direct observation by optical
means �Fig. 2�a�� �10,13�. It is composed of a mechanical
part which pushes a thin sample into a thermal part in which
it solidifies. An optical part placed far from the solidification

FIG. 2. Sketch of the experimental setup. �a� Side view. The
sample is pushed at a prescribed velocity V in a controlled thermal
gradient G. �b� Top view. The thermal gradient direction is moni-
tored by the thermal boundaries orientation. This enables its angle
with a preferred crystalline direction a to be routinely changed. The
relevant pushing velocity for solidification is the projection VG of V
on the direction G.
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setup provides a nonperturbative visualization of the growth
interface.

The mechanical part is made of a microstepper motor
coupled to a linear ball-screw-driven stage. The motor in-
volves 200 steps per turn, 32 microsteps by steps, and is
slowed at each microstep by Foucault current to prevent vi-
bration. The screw involves a 5-mm thread, and the sample
translation is controlled by a Michelson interferometer. This
provides pushing velocities up to 50 �m s−1 with a relative
accuracy better than 
3% on a thread.

The thermal part involves heaters and coolers distant from
a controlled gap of several millimeters. Both are made of top
and bottom blocks sandwiching the sample and electroni-
cally regulated to better than 0.1 K. Their temperatures,
100 °C and 10 °C, are set so that the solidification interface
stands in between.

The sample is built by gluing together two glass plates by
their sides with two bands of calibrated sheet in between.
This provides a 50-�m-thick space which is next filled with
the mixture to solidify. We use a nearly pure transparent
plastic crystal, the succinonitrile CNCH2uCH2CN �SCN�,
which provides rough solidification interfaces. NMR analysis
has revealed that its dominant impurity involves an ethylenic
bond, corresponding to ethylen �CH2vCH2� or cyano-
ethylen �CH2vCHCN� also called acrylonitrile. On the
other hand, no chemical bond of another kind of impurity
could be detected by NMR or IR spectroscopy or by any
noticeable event in this experimental study or in previous
ones. This excludes in particular any presence of water
which could not actually enter the mixture during the sample
filling under nitrogen atmosphere. To preserve a large zone
free of boundary disturbances, we took a large sample width
of 45 mm. Also, to allow the study of long runs beyond
transients, we took long samples of 15 cm.

The visualization of the solidification interface is
achieved on a charge-coupled-device �CCD� camera from
the aberrations undergone by a parallel light beam crossing
the sample. An exploded optical setup with a large frontal
distance is used instead of a compact microscope to ensure
the absence of thermal perturbations on the interface. The
camera involved 768�512 pixels, and the width of the visu-
alized interface was usually 2 mm.

In order to make an experimental run refer to a definite
misorientation angle �0 between thermal gradient and crys-
tal orientation, it is convenient to operate with a single crys-
tal in the whole sample using the procedure reported below.
The absence of grain boundaries in the sample then pro-
moted microstructure homogeneity. In addition, we paid at-
tention to studying the most homogeneous regions which
extended on at least 20 cells or dendrites and often more.
Interestingly, however, homogeneity does not mean a unique
available microstructure spacing 	 at given solidification
variables. Instead, depending on the solidification history—
e.g., on the ramp of velocity and its implication for
coarsening—a large spacing range of about a factor of 2 can
be obtained �10�. As in previous studies, we used this feature
to scan the system properties with respect to the microstruc-
ture spacing 	.

The variables ranges of the experiment were the follow-
ing: D=1350
50 �m2 s−1, k=0.29
0.05, G=140 K cm−1,

and critical velocity Vc�2.3 �m s−1. Pushing velocities and
microstructure spacings varied from V=5 to 50 �m s−1 and
from 	=70 to 230 �m.

B. Single-crystal achievement

The selection of a single crystal has been achieved itera-
tively by a controlled solidification and fusion process per-
formed on an auxiliary setup. There grain orientations were
evidenced from the growth direction of rapidly solidifying
dendrites. A grain of appropriate orientation was then se-
lected and used as a nucleus for the solidification of the
whole sample. This was achieved by heating until the whole
material has fused except the selected grain and then by cool-
ing back to complete solidification. Equiaxed grains sponta-
neously generated in the bulk or columnar grains grown from
the sides were progressively eliminated the same way, even-
tually yielding a single crystal.

Interestingly, on a given sample, large velocity dendrites
always grew along either a fixed direction a or its normal a�
in the sample plane �Fig. 1�a��, depending on the direction of
G. We checked that these directions actually correspond to
those displayed by the cross shape made in the same sample
by freely growing germs. In addition, this cross shape dis-
played a fourfold symmetry and the sidebranches developed
in the sample depth �10� were normal to the sample plane.
This means that the sample normal was a �100� axis of the
crystal �Fig. 1�a��. This statement was supported by the ex-
istence of a degenerate mode �Figs. 4�j� and 6�c�� instead of
seaweeds or doublons at a large misorientation angle �0
�45° �14�. It enabled us to simply characterize the crystal
orientation by the angle �0= �a ,G� �Fig. 1�b��. Of course, as
the directions a and a� are physically equivalent, the relevant
range of variation of �0 stands in between 0° and 45°. The
determination of a was finally achieved from the growth di-
rection of rapidly solidifying dendrites to an accuracy of
0.1°.

C. Control of thermal gradient orientation

Our issue calls for a fine control of the misorientation
angle �0= �a ,G� in its full accessible range. Variation of �0
can be obtained by turning the direction of a, the direction of
G, or both. In previous experiments �3–5�, a was varied with
no direct determination of its direction and no control of an
exhaustive scanning of angles �0. Here, the use of a single
crystal and of orientable thermal boundaries offers the oppor-
tunity to manage �0 by definite rotations of either a or G
with preliminary determination of both directions.

As it is much easier to monitor the rotation of a macro-
scopic field rather than a microscopic field, we chosed to
rotate the direction of G on given samples—i.e., at fixed
a—simply by rotating the boundaries of the thermal blocks
that produce the thermal gradient. However, as the experi-
mental setup does not permit to rotate the blocks with respect
to the sample axis, we have chosen to prolongate them by
angular extensions suitably designed for providing a rotated
thermal boundary �Fig. 2�b��. Six rotation angles of G in
between 0 and 45° were then used on the same sample with
an accuracy of 0.1°.
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D. Growth direction measurement

The growth direction angle � is determined by recon-
structing the dendrite tip trajectory in the sample frame. This
is achieved by plotting a diagram in which the successive
skelets of the solidification interface are translated on the
direction of G of the distance they actually crossed �Fig.
3�b��. The line joining the successive positions of a micro-
structure tip then provides its growth angle � to an accuracy
of 0.1°. Notice that the tip trajectory makes few degrees with
the groove direction �Fig. 3�a��, as a result of the ongoing
solidification of groove.

FIG. 3. Measurement of growth direction on tilted dendrites.
V=30 �m s−1. Actual interface �a� and corresponding sequential
snapshots in the sample frame �b�. The tip trajectory provides the
growth direction Vg. It differs from the groove orientations �a� due
to continued groove solidification.

FIG. 4. Microstructure library for increasing velocity VG �lines� or misorientation angle �0 �columns�.
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IV. GROWTH DIRECTIONS, MORPHOLOGIES,
AND INSTABILITIES

We qualitatively report the main features of the micro-
structure library provided by the experiment with emphasis
on the evolutions of growth directions and morphologies and
the occurrence of instabilities.

A. Morphologies

Figure 4 reports the morphology of cells or dendrites at
various misorientation angles �0 and velocities VG. The
main noticeable features are a dendrite tilting accompanied
by an asymmetry of form and of sidebranch development
and a transition to another kind of microstructures where
growth directions fluctuate.

Dendrite tilting is all the more pronounced that VG or �0
are large. However, it saturates at large velocity at the high-
est allowable tilting where Vg is aligned on a �Figs. 4�c�,
4�f�, 4�i�, and 4�l��. Regarding asymmetry, it appears that the
side towards which cells drift is flatter. This persists on den-
drites and goes together with a larger sidebranching on the
side opposite to the drift direction. This asymmetry gets
more pronounced as �0 or VG increases and eventually

yields secondary branches to nearly reach the tip isothermal
line �Figs. 4�k� and 4�l��. It then results in a larger distance
between dendrite tips—i.e., a larger 	—and thus a larger
spatial period in the solid phase. On the other hand, one
notices, at low VG and large �0, a transition to a so-called
degenerate mode where two growth directions are simulta-
neously displayed together with tip splittings �Fig. 4�j��. A
remnant of this kind of dynamics persists a while on side-
branches when increasing velocity �Fig. 4�k��.

B. Qualitative evolution of growth direction

To better compare on a similar ground the evolutions of
growth directions with the three variables ��0 ,VG ,	�, we
report in Fig. 5 three sets of images referring, on each line, to
an increase of one of these variables: VG �first line�, 	 �sec-
ond line�, or �0 �third line�. The other variables are other-
wise kept constant except for 	 on the third line. Three vec-
tors indicate on each snapshot the directions of G, a, and Vg.

Increasing either VG or 	 at otherwise fixed variables
clearly yields a rotation of the growth direction Vg towards
the direction a prescribed by the crystal orientation. As the
misorientation angle �0 was taken the same in these two

FIG. 5. Evolution of growth directions for increasing velocity VG ��a�, �b�, �c��, spacing 	 ��d�, �e�, �f��, or misorientation angle �0 ��g�,
�h�, �i��. �a�, �b�, �c� �0=30.6°, 	=135 �m, VG ��m s−1�=8.7 �a�, 17.3 �b�, and 43.3 �c�. �d�, �e�, �f� �0=30.6°, VG=26 �m s−1, 	��m�
=112 �d�, 174 �e�, and 214 �f�. �g�, �h�, �i� VG=20 �m s−1, �0�deg�=0 �g�, 30.6 �h�, and 41.9 �i�, 	��m�=145 �g�, 160 �h�, and 213 �i�.
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series, the evolutions of the growth direction worth being
qualitatively compared. They then appear somewhat similar
for an increase of either VG or 	, in agreement with the
identification of the Péclet number as a relevant variable of
the issue �5� �Sec. V A�. Increasing now the misorientation
angle �0 at fixed VG and 	 also yields the growth direction
to rotate, following the rotation of vector a with respect to G.

C. Microstructure instabilities

The different instabilities which bound the study are re-
ported in Fig. 6. Two of them change the basic state by
elimination �Fig. 6�a�� or creation �Fig. 6�b�� of a cell or a
dendrite. The third instability maintains the interface in a
permanent morphological evolution, the degenerate mode
�Fig. 6�c��. They are responsible for an absence of data at
low Pe and large �0.

Instabilities of elimination or of creation were encoun-
tered at too low or too large spacing, respectively �15�.
Elimination results from the screening of the diffusion field
by neighbors �Fig. 6�a�� and dendrite creation from the emer-
gence of a secondary branch as an actual dendrite �Fig. 6�b��.
No oscillatory instability was noticed on cellular or dendritic
patterns �16�. Finally, the degenerate mode made of iterative
tip splittings prevented a definite growth direction from
emerging �Fig. 6�c��. It appeared at large �035° for mod-
erate Pe.

V. GROWTH DIRECTIONS, QUANTITATIVE ANALYSIS,
AND SCALE INVARIANCE

We analyze the quantitative evolution of microstructure
growth directions with �VG ,	 ,�0�. After having recovered

the relevance of the Péclet number Pe=	VG /D, we evidence
a scale invariance with respect to it from a collapse of data
invariant by change of normalization. This property, con-
firmed in a log-log plot, enables the determination of the
growth direction law.

A. Growth direction and Péclet number

In Sec. IV B, we noticed that the evolutions of growth
directions with either velocity or spacing display the same
kind of tendencies. This behavior is quantitatively confirmed
in Fig. 7 at a misorientation angle of �0=30.6°: the growth
direction angle � decreases with both the spacing 	 or the
velocity VG. The same conclusions is obtained at any �0 in
between 0° and 45°.

The similarity of the evolutions of � with either VG or 	
suggests considering its dependence on the combined vari-
able Pe=	VG /D �5�. Figure 8�a� reports the dependence
of � on Pe at three misorientation angles �0=10.9° ,
30.6° ,39.7°. In agreement with the findings of Akamatsu
and Ihle �5�, a collapse of data ���0 ,VG ,	� onto curves
���0 ,Pe� is evidenced, whatever the values of VG and 	.
Figure 8�b� shows that the same conclusion is achieved for
any �0. This confirms in the whole range 0° ��0�45° the
similarity between VG and 	 previously reported at �0
�30° �numerically and experimentally� and �0�40° �ex-
perimentally� �5�. This result reduces the dependence of � to
two variables only: �0 and Pe.

B. Change of variable

To better compare the evolutions of growth directions
with Pe at different �0, it is convenient to absorb the differ-

FIG. 6. Microstructure instabilities. �a� Elimination of the sixth cell from the left. �b� Creation of a dendrite from the growth of a
secondary branch. �c� Degenerate mode.

FIG. 7. Growth direction angle � as a function of the spacing 	 and the velocity VG. The misorientation angle �0 is fixed at �0

=30.6°. �a� � as a function of 	 for five velocities VG. �b� � as a function of VG for two spacings 	.
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ence in their limit values by considering the reduced growth
angle � /�0 �Fig. 9�a��. The resulting curves differ depend-
ing on �0, but nevertheless share common tendencies: all are
monotonous and decreasing in between the same limit val-
ues. Moreover, their regular shapes show no characteristic
Péclet number and no evidence of a transition to a different
tendency at any Péclet number: no noticeable discontinuity
of the curve, of its slope, or of its curvature and no repetitive
feature.

These statements open the possibility of the absence of
any characteristic Péclet number in this issue. This would
correspond to a very specific feature, a scale invariance,
which is known to largely restrain the possible forms of re-
lationships �17�. To address its relevance here, we first seek
to represent data in a way that treats the limit directions G
and a symmetrically. This is not the case with the reduced
variable � /�0 since it expresses as the angle ratio
�a ,Vg� / �a ,G� where a is taken as the sole reference of di-
rection. To restore the expected symmetry, we thus introduce
the relative angular position � defined as the ratio of angles
�Vg ,G� / �a ,Vg�:

� =
�Vg,G�
�a,Vg�

=
�0 − �

�
. �1�

The variable � now makes G and a play a similar role
since both are taken as a direction of reference at the nu-
merator or at the denominator. In particular, the permutation
a→G is equivalent to the transformation �→�−1 which in-
troduces no characteristic scale by its own �17�. This entails
the fact that the variable � does not favor any scale from the
way it is defined. In particular, its range of variation with Pe,
�0,��, displays no finite bound and thus no particular finite
value �Fig. 9�b��. It therefore appears suitable for addressing
whether any characteristic scale is involved in the way Vg
rotates from G to a.

C. Change of normalization

For functions of a single variable, the absence of charac-
teristic scale selects a single family of solution: the power
laws. In this case, the criterion for scale invariance then di-
rectly reduces to the relevance of power laws. However,
here, the relative angular position � is a function of both Pe
and �0: �	���0 ,Pe�. To test scale invariance with respect
to Pe despite the dependence on �0, it then appears conve-
nient to return to the basic property of this symmetry: the
invariance by change of scaling or, equivalently, of normal-
ization factors. This consists in changing the standards im-
plicitly used to evaluate Pe and � and probing this way the
existence or the absence of a characteristic value of Pe or �.

FIG. 8. �Color online� Collapse of data ���0 ,VG ,	� onto a curve ���0 ,Pe� �a� for three misorientation angles �0

=10.9° ,30.6° ,39.7° and �b� for any misorientation angle �0 in our data range, 0° ��0�45°.

FIG. 9. �Color online� Different representations of data variation with Pe. �a� Reduced variables �� /�0 ,Pe�. Although they undergo the
same limits, curves differ depending on �0. However, they display no characteristic Péclet number. �b� Variables suitable for the search for
scale invariance: �= ��0−�� /� and Pe.
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To apply this procedure appropriately, we link at each �0
the normalizations on the � axis and on the Pe axis so that the
point �1,1� belongs to the resulting curve. This corresponds
to choosing, at each �0, an arbitrary Péclet number Pe� as
the standard of the Pe axis and the corresponding � value
���0 ,Pe��=�� as the standard of the � axis, yielding the re-
duced variables

� =
���0,Pe�
���0,Pe��

, � =
Pe

Pe�
. �2�

The variable � then depends on �0, Pe, and Pe� or, equiva-
lently, on �0, �, and Pe�. It thus corresponds to a three-
variable function ���0 ,� ,Pe��.

The procedure now consists, at each �0, in changing the
standard Pe� together with the coupled standard ��
=���0 ,Pe�� and in addressing the changes implied on the
graphs of function ���0 ,� ,Pe��.

D. Scale invariance in Péclet number

As the function ���0 ,� ,Pe�� depends on three variables,
its graph involves the four-dimensional space
�� ,�0 ,� ,Pe��. Thus, projecting it onto the plane �� ,��
should a priori yield a cloud of points. However, taking for
Pe� an arbitrary common value, Pe�=2, and for �� the inter-
polated value ��=���0 ,2� yields in Fig. 10�a� a surprising
collapse of data on a curve, whatever the values of �0. A
slight dispersion beyond error bars is only noticeable on
fewer than a dozen points over more than 150—i.e. on less
than 10% of the data. More than 90% of the data thus stand
within one standard error from the collapse curve. This sup-
ports the statistical relevance of the collapse. In particular,
scattering mostly addresses points for which � is the largest,
and thus the implication of an uncertainty in �� is the biggest.
It thus likely results from errors beyond the standard devia-
tion in the determination of ��.

Here and above, the data error bars have been computed
from the uncertainties of velocity ��VG� /VG= ��V� /V= 
3%,
spacing ��	�=2000 �m /768 with 	70 �m and angles
����= ���0�=0.1°. They yield ����=0.07�, ����
= �0.1° /�0��1+���1+2��, and ���� /�= ���� /�+ ����� /��.

The collapse of Fig. 10�a�, which contrasts with the data
spread of Fig. 9, is all the more surprising that the value
chosen for the Péclet standard is arbitrary. This suggests that
it should not refer to a coincidence, but rely on a deep prop-
erty. To confirm this statement, we have applied the same
procedure with different arbitrary choices of standard Péclet
numbers: the maximal, minimal, and median Péclet numbers
at each �0. In each case, a collapse has again been evidenced
and on the same curve within the experimental uncertainties.

These properties correspond to an invariance of function
���0 ,� ,Pe�� with respect to the choice of standards Pe� and
to an independence with respect to �0. The invariance with
respect to Pe� reduces � to a two-variable function ���0 ,��
and states its scale invariance with respect to reduced Péclet
numbers. The additional independence with respect to �0
reduces � to a one-variable function ����, providing this
way a surprisingly simple class of solutions to our issue.

E. Determination of the growth direction law

We exploit the scale invariance property to infer explicit
information on the growth direction law.

1. Functional relationship and solution

As the function ���0 ,� ,Pe�� reduces to a single-variable
function ����, its scale invariance selects a power law. In the
framework of a change of normalization, this follows from
the fact that changing the standard Pe1� for a standard Pe2�
changes �1=Pe /Pe1� into �2=Pe /Pe2� and �1=� /�1� into �2
=� /�2� with �1�=���0 ,Pe1�� and �2�=���0 ,Pe2��. However, by
definition of �, one has

�1��1� =
���0,Pe�
���0,Pe2��

���0,Pe2��
���0,Pe1��

or, equivalently, with Pe2� /Pe1�=�1 /�2, �1��1�
=�2��2��1��1 /�2�. Then, the invariance of the function
���� by a change of the Péclet standard yields �1���
=�2��� and thus a multiplicative relationship whose solu-
tions, not everywhere discontinuous, are power laws �17�:

FIG. 10. �Color online� Evidence for scale invariance. �a� Normalized variables �=Pe /Pe�, �=� /�� using an arbitrary standard Pe�
=2 and ��=���0 ,Pe��. Although ���0 ,� ,Pe�� a priori depends on three variables, data collapse on a curve in a �� ,�� plot. The same
collapse is obtained for other choices of Pe�. �b� Following �a�, ���� reduces to a single-variable scale invariant function—i.e., a power law.
This is confirmed by the collapse on a line in logarithmic coordinates.
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∃e; ∀ �, ���� = �e. �3�

Interestingly, the independence of � with respect to �0 im-
plies that the exponent e is a constant of the study.

The validity of the power-law relationship between � and
� and its independence with respect to �0 is confirmed in
Fig. 10�b� by the collapse of all data on the same line in a
log-log plot. Here, a Pe standard of 2 was used, but the same
collapse on the same slope has been obtained for the other
choices of arbitrary standards. Back to the function
���0 ,Pe�, this implies ���0 ,Pe�=a��0�Pee. Back to the
growth angle �, this finally yields

�

�0
=

1

1 + a��0�Pee . �4�

2. Parameter determination

Fitting the whole data to relation �3� provides the value
e=1.249
0.004, which we approximate to e=1.25. Then, at
each �0, the fit of data to relation �4� with e=1.25 provides
the determination of prefactor a��0�. The graph of a as a
function of �0 is reported in Fig. 11�a�. It displays for �0
�25° some fluctuations around a plateau followed, are larger
�0, by a marked decrease towards zero. To empirically cap-
ture this tendency, we have fitted data with polynomials
made by a constant term intended to represent the plateau
and a single monomial intended to provide the shrinking to
zero P���=��1− �� /�m���. The best adjustment is obtained
for �=1.08, �=4, and �m=45.8° with a satisfactory agree-
ment �Fig. 11�a��. It corresponds to the following parametri-
zation:

a��0� = 1.08
1 − � �0

45.8°
�4� . �5�

3. Growth direction law

Altogether, relation �4� and the identification of param-
eters e and a��0� yield the following determination of the
growth direction law in our mixture:

�

�0
=

1

1 + 1.08
1 − � �0

45.8°
�4�Pe1.25

. �6�

It is made of an algebraic form �4� linked to an internal
symmetry �3� and of an empirical determination �5� of the
effect of �0. The plot of our data in coordinates correspond-
ing to both members of relation �6�—i.e. y=� /�0 and x
= �1+a��0�Pe1.25�−1—makes them collapse on the first bisec-
tor y=x �Fig. 11�b��. This quantitative agreement validates
the family of solutions �4� and the determination of its pa-
rameters e and a.

VI. DISCUSSION

A. Structure of the growth direction law

1. Internal symmetry and physical equivalence

The existence of an internal symmetry, the Péclet scale
invariance, brings about deep implications on the way the
evolution of microstructure growth directions must be con-
ceived. The main property attached to this symmetry states
that the relative increase of angle ratios ��Pe2� /��Pe1� be-
tween two Péclet numbers only depends on the relative Pé-
clet increase Pe2 /Pe1 independently of the absolute Péclet
values Pe1 or Pe2. This formally means that the relative in-
crease ��Pe2� /��Pe1�=��Pe1 ,Pe2 /Pe1�, which a priori de-
pends on the two variables Pe1 and Pe2 /Pe1, actually only
depends on the latter: ��� /�Pe1�Pe2/Pe1

=0.
This property destroys the relevance of the concept of

large or small Péclet number. In particular, all Péclet num-
bers except 0 and �, all growth directions except the asymp-
totical ones G and a, all misorientation angles, and thus all
states of Figs. 4 or 5 are physically equivalent regarding the
evolution of growth directions, in the sense that the relative
increase of angular position � is independent of their absolute
value or of their absolute state. It thus refers to the same kind
of issue for all and has, therefore, the same kind of answer
for all.

This statement is actually surprising owing to the large
morphological differences displayed by microstructures
�Figs. 4 and 5�. It however states that, for understanding the

FIG. 11. �Color online� Determination of prefactors a��0� and test of the growth direction law �6� in our SCN alloy. �a� Values of a��0�.
The curve corresponds to the polynomial fit �5�. �b� Ordinates correspond to � /�0 and abcissa to �1+a��0�Pe1.25�−1.
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origin of the scale invariant growth direction law, one may
equally choose to focus attention on small misorientation
angles �0 instead of on large ones, on cells or weakly
branched dendrites instead of on well-developed dendrites,
and on low Péclet numbers instead of on large ones.

This degree of freedom brought about by scale invariance
might be convenient in numerical simulations or theoretical
analyses to avoid useless complexity. More generally, it
would also be valuable to test its validity on other important
features such as the tip undercooling �18� for achieving a
deeper understanding of the role of crystal anisotropy in so-
lidification.

2. Similarity versus scale invariance

Two kinds of properties altogether give rise to the growth
direction law �4�. One refers to the similarity between vari-
ables VG and 	, the other to the scale invariance with respect
to the Péclet number. Both largely differ regarding their
meaning and their implications.

Similarity points to the combined variable Pe=	VG /D as
a relevant variable of the issue. However, by itself, the role
of this variable is no surprise, since the issue can be consid-
ered in terms of nondimensional variables including Pe. The
actual information is thus on the absence of a noticeable
variation of � on the remaining nondimensional variables
that involve VG and 	: VG /Vc and 	 /d0.

Similarity therefore denies relevance to some combined
variables. In contrast, scale invariance deals with the remain-
ing ones by stating the absence of preferred values for them.
It thus states the physical equivalence of all their magni-
tudes, no matter large or small. Interestingly, this selects a
definite structure �3� and �4� for the corresponding law.

3. Prefactor dependence on �0

The dependence of prefactor a on �0 in relation �5� is
responsible for a nonlinear evolution of � with �0 at fixed
Pe. This nonlinearity was noticed in simulations at Pe
=2.758 �6� and Pe=2.925 �5� and is attested to here on all
Péclet numbers �Fig. 11�b��. However, in contrast with the
power-law dependence �3� which relies on a fundamental
symmetry, the dependence of a on �0 is only empirical and
calls to be clarified.

B. Comparison to previous studies

1. Experimental studies

A single previous experimental study—that of Akamatsu
and Ihle in a CBr4–C2Cl6 alloy �5�—has provided data suit-
able for a comparison with our findings. Two misorientation
angles were studied in two single crystals named crystals 1
and 2. Figure 12�b� reproduces the original data of this study
which express the growth angle �Vg ,G�= ��0−�� as a func-
tion of Pe. The two angles �0 were not directly measured,
but later evaluated from the asymptote �crystal 1, �0
=40° 
2°; crystal 2, �0=32° 
2°�. However, a comparison
with a numerical simulation performed at �0=30° led to a
more accurate determination in crystal 2, �0=34.5°, which
we shall retain from now on.

Computing the reduced variables �� ,�� for a standard
Péclet number Pe�=2 yields evidence of a fine collapse on a
line in logarithmic coordinates �Fig. 12�a��. This extends the
validity of the Péclet scale invariance to this experiment. The
fits to relation �4� are displayed in Fig. 12�b� in the original
variables of the experiment. They confirm the relevance of
the growth direction law with the following exponents e
=1.60
0.05 in crystal 1 and e=1.61
0.03 in crystal 2.
Adopting a common value of 1.60 for both, another fit gives
�0=43.6
0.2° and a=0.47
0.01 for crystal 1 and a
=0.64
0.01 with �0 fixed at 34.5° for crystal 2.

The variation of parameter a in crystals 1 and 2 means
that each angle �0 brings about a specific response. Addi-
tional data are thus required to clarify the evolution of a��0�
and thus of growth directions in this alloy.

For comparison, the evolution of growth directions in our
SCN alloy are plotted on the same graph for the same mis-
orientation angles �0=43.6° �dashed line� and �0=34.5°
�dotted line�. They largely differ from those displayed in the
CBr4 alloy for �0=43.6°, but are close to them for �0
=34.5°. This shows that the way growth directions depend
on �0 may largely change with the nature of the melt so that
no extrapolation can apparently be made from one material
to the other. This supports the need for additional data in
CBr4 alloys.

The closeness of the data referring to the two alloys for
�0=34.5° is surprising in view of the difference between the

FIG. 12. Experimental data in a CBr4 alloy �5�. �a� Evidence of Péclet scale invariance in logarithmic coordinates �� ,��. �b� Original
variables ��0−� ,Pe� of Ref. �5�. Fit to the growth direction law �4� and comparison with our SCN alloy.
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parameters of their growth direction law: �e ,a�
= �1.60,0.64� for the CBr4 alloy and �e ,a�= �1.25,0.75� for
the SCN alloy. It means that the change induced in relation
�4� by the variation of e from 1.60 to 1.25 at fixed a is largely
reduced by a simultaneous variation of a from 0.64 to 0.75.
This may go together with a low standard error for the fit
parameters since standard errors address the confidence in
best fit values in view of data scattering whereas the above
remark addresses the variation of the fit function with its
parameters. The possible weak variation of this function for
coupled changes of e and a, however, stresses that additional
data at other �0 could noticeably change the value of a best
fitting parameter. Further investigations at other misorienta-
tion angles �0 are thus necessary to firmly conclude about
the value of e in CBr4 alloys and more generally about an
actual variation of exponents with alloys.

2. Numerical studies

Two numerical simulations of growth directions have
been worked out in directional solidification. One, by Okada
and Saito was intended to simulate the solidification of steel
with impurities of Cr and Ni �6�. The other, by Akamatsu and
Ihle, was designed to mimic solidification in CBr4uC2Cl6
alloys �5�. The former involved a surface tension anisotropy
and no kinetic anisotropy, whereas the latter involved both.
Both simulations considered a single misorientation angle
�0=17° �6� and �0=30° �5�.

Variables ���� are computed for both simulations using
the following standards: �Pe� ,���= �2.04,1.94� for Ref. �5�
and �Pe� ,���= �2.76,2.86� for Ref. �6�. They both yield in
Fig. 13�a� a collapse on a line in logarithmic coordinates
except for the highest Pe data in Ref. �6�. This extends the
relevance of the Péclet scale invariance to these simulations.
Confirmation of the relevance of the growth direction law �4�
is shown in Fig. 13�b� in the original variable ��0−�� of the
simulations. It corresponds to the following best fitting pa-
rameters: �e ,a�= �1.75
0.16,0.57
0.05� with �0=17° for
Ref. �6� and �e ,a�= �1.60
0.04,0.66
0.01� with �0=30°
for Ref. �5�.

3. Nonlinearity of the variation with �0 at fixed Pe

At fixed Péclet number, the evolution of � with �0 evi-
dences the deviation from linearity implied by the variation

of parameter a with �0, Eq. �4�. It has been determined in
numerical simulation at Pe=2.758 �6� and Pe=2.925 �5� and
can be obtained in our SCN mixture at any Péclet number—
e.g., Pe=2.925 here—using the growth direction law �6�.
Figure 14 shows a larger nonlinearity in both our mixture
and the simulations of Okada and Saito. In addition, the de-
parture from linearity begins first in the simulation of Okada
and Saito ��0�25° � �6�, then in our SCN mixture ��0
�30° �, and finally in the simulation of Akamatsu and Ihle
��0�35° � �5�. Interestingly, this order corresponds to in-
creasing the kinetic interfacial anisotropy �from zero �6� to a
small value in our SCN mixture and a noticeable one, �k
=12% �5��, but to decreasing the interfacial stiffness aniso-
tropy coefficient �from 10% �6� to 8% in our mixture and 6%
�5��. Other studies are thus required to clarify the implication
of interfacial anisotropy on the nonlinearity of the growth
direction evolutions.

VII. CONCLUSION

In casting and directional solidification, the growth direc-
tions of cellular or dendritic microstructures with respect to
the melt stand in between the heat flow direction and a pre-
ferred crystalline orientation. As the solidification velocity
increases, the growth direction is found to rotate from the
former to the latter, with important implications regarding

FIG. 13. Numerical simulations �5,6�. �a� Evidence of Péclet scale invariance in logarithmic coordinates �� ,��. �b� Original variables
��0−� ,Pe� of Refs. �5,6� and fit to the growth direction law �4�.

FIG. 14. Nonlinear evolution of � with �0 at fixed Pe.
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the microstructure morphology and thus the microsegrega-
tion of the resulting material. Here, we have documented in
detail this evolution in a thin sample experiment involving a
single cubic crystal with one principal axis normal to the
sample plane. Our data library extends over 15 misorienta-
tion angles �0 between thermal gradient and preferred crys-
talline direction and, for each, on about 10 solidification ve-
locity VG or microstructure spacings 	. This provides the
largest data library obtained on this issue to date.

Data analysis confirm the relevance of the Péclet number
Pe=	VG /D to handle the similarity between the variations
of growth directions implied by VG or 	. Deeply analyzing
their nature, we have evidenced from a data collapse an un-
expected symmetry shared by all of them: a scale invariance
with respect to the Péclet number. This symmetry denies the
existence of any preferred value of Pe in the evolution of
growth directions. It thus surprisingly states that all growth
states are physically equivalent regarding the implications of
a Péclet increase on growth directions, no matter whether the
tilt angle is large or small, the asymetry pronounced or faint,
and the sidebranching developed or weak �Figs. 4 and 5�.

This Péclet scale invariance led to the identification of the
structure of the growth direction law. The dependence with
respect to �0 then appeared to be handled in a single param-
eter a��0� displaying a continuous variation on the whole
accessible range. This supports the existence of a single
physical regime, referring to a deep symmetry in this issue.
In addition, the relevance of the Péclet scale invariance ap-
peared to extend to previous quantitative experiments and

simulations �5,6� with different determinations of exponents
and prefactors.

These results raise several open questions that need to be
addressed before reaching a satisfactory understanding of the
growth directions of microstructures. The first questions refer
to the origins of the similarity �i.e., the absence of depen-
dence on some nondimensional variables� and of the Péclet
scale invariance �i.e., the irrelevance of the magnitude of
Péclet numbers for the evolution of growth directions�. The
second important issue refers to the origin and the nature of
the parameter a��0� which drives the variation of growth
directions with respect to �0. All call for investigating the
orientational response of microstructures in different materi-
als so as to quantitatively address the influence of anisotropic
modulations of surface tension or of kinetic undercooling.
Finally, it will be worth investigating the implications on
growth directions of inhomogeneities of microstructure pat-
terns �e.g., cellular or dendritic spacing�, of thermal gradient
distortion �e.g., curved isothermal lines �19��, or of crystal
orientation �e.g., multigrains�. This would offer the opportu-
nity of going closer to actual casting conditions so as to
transfer to practical situations the findings evidenced here on
single crystals confined in thin samples.
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